
BIOCHLMICA ET BIOPHYSICA ACTA 357 

BBA 75222 

T H E  EFFECT OF T H E  CARRIER ASSOCIATION-DISSOCIATION 

RATE ON MEMBRANE PERMEATION 

R O B E R T  BLUMENTHAL AND AHARON KATCHALSKY 

Polymer Department, We*zmann Institute of Science, 
Rehovoth (Israel) 

(Received September Igth,  1968) 

SUMMARY 

A system of facilitated diffusion is described in which a nonelectrolyte diffuses 
through the membrane and simultaneously undergoes an association-dissociation 
reaction with a carrier to form a substrate-carrier complex. The reaction which takes 
place throughout the membrane facilitates the diffusion. Mathematical expressions 
for the flow and chemical reaction profiles through the membrane are derived. Criteria 
are developed to determine whether chemical equilibrium is attained at the membrane 
surfaces. An expression is derived for the total flow as a function of concentration 
difference of the permeant across the membrane. The theoretical result is compared 
with the equations for carrier-mediated transport in which the permeant reacts at the 
surface only (discontinuous carrier model). 

An additional model is introduced in which the carrier is assumed to be an 
allosteric protein undergoing conformational changes within the membranes. In this 
model the flow of permeant is found to be an asymmetrical function of concentration 
differences. 

INTRODUCTION 

The concept of facilitated transport was introduced by  DANIELLI I to explain 
"abnormal" passive permeability of biological membranes. The basic findings, which 
led to the hypothesis that  transport of many substrates is facilitated by  interaction 
with certain membrane components, were reviewed by WILBRANDT AND ROSENBERG 2. 

The conventional model for facilitated diffusion assumes that  the membrane contains 
impermeable "carrier" molecules which combine specifically with the permeating 
substance and aid their passage across the membrane. A number of plausible types of 
carrier have been discussed 1, e.g., "an expanding and contracting protein", "a ro- 
tating macromolecule", "lattice models" and "the diffusing shuttle". 

The prevalent view is that  the macromolecular carriers can be isolated and 
identified. Notable steps forward in carrier identification were taken by  Fox  AND 
KENNEDY 3 in the isolation of the transfer agent for lactose in the membrane of 
Escherichia coli, by PARDEE 4 in the isolation of a sulfate binding protein in Salmonella 
typhimurium, and by WASSERMAN 5 in the isolation of a transfer agent of calcium 
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across intestinal epzthelium. During recent years, several synthetic models for carrier 
transport were constructed and studied, s 

In all the above cartier types, facilitated transport exhibits similar kinetics. 
However, facilitated transport may be discontinuous, the association-dissociation 
reaction taking place on the surface only, or continuous, the carrler-permeant com- 
plex undergoing an association-dissociation reaction during its passage through the 
membrane medium. Haemoglobin-mediated transport of oxygen seems to belong to 
the latter type of facilitated diffusion, and in many synthetic membranes, transport 
may also be continuous. 

This paper delineates in some detail the case of continuous facilitated transport 
and discusses the effect of the chemical reaction on permeation. A comparison is then 
made with discrete, or discontinuous, facilitated transport. Finally, transport medi- 
ated by an allosteric carrier is considered. 

Conditions for continuous, facilitated transport 
An important characteristic of facilitated transport is that  no discernible chemical 

change takes place in the medium, whatever the reaction may be within the membrane 
system. At any point x in the membrane, chemical reaction(s) may be taking place 
at a rate, Jr. In the case of facilitated transport proceeding in the x direction, across a 
membrane of thickness Ax, the following requirement must hold: 

:: XJrdff = 0 (I) 

The only possible chemical reactions are therefore those of association and dis- 
sociation of the transported species with the carrier. If So ~x J r  dx # o, active trans- 
port may take place. This condition exempts facilitated transport from the requi- 
rement of asymmetry of an active transport membraneL i.e., in active transport there 
is a net conversion on one side of the membrane of substrates into products. 

S I ~ S 2 

c s  

,lr = kRCS - k o CS 
&x 

Fig .  I, C o n t i n u o u s  c a r r i e r  m o d e l .  T h e  p e r m e a n t  (S) e n t e r s  t h e  m e m b r a n e  f r o m  t h e  o u t e r  s o l u t i o n s  
(z) a n d  (2) a t  p o i n t s  x = o a n d  x = Ax. I n  t h e  m e m b r a n e  p h a s e ,  t h e  p e r m e a n t  s i m u l t a n e o u s l y  
d i f fuses  a n d  u n d e r g o e s  a n  a s s o c i a t i o n - d i s s o c i a t i o n  r e a c t i o n  w i t h  a c a r r i e r  (C) t o  f o r m  a s u b s t r a t e -  
c a r r i e r  c o m p l e x  (CS). T h e  l a t t e r  d o e s  n o t  p a s s  t h e  b a r r i e r s  a t  x = o a n d  x = Ax. T h e  c o n c e n t r a t i o n s  
of t h e  t h r e e  c o m p o n e n t s  m t h e  m e m b r a n e  p h a s e  (S, C a n d  CS), t h e i r  f lows  (Js, Jc a n d  Jcs), a n d  
t h e  r e a c t i o n  r a t e  (Jr) v a r y  w i t h  x. T h e  a s s o c i a t z o n  (kR) a n d  d i s s o c i a t i o n  (hn) r a t e  c o n s t a n t s  a re  
i n d i c a t e d .  T h e  t r a n s p o r t e d  spec i e s  i s  p r e s e n t  m t h e  o u t e r  s o l u t i o n s  m c o n c e n t r a t i o n s  S z a n d  S v 
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In the case at any point x of the membrane the reaction C + S ~ CS takes 

place, the reaction rate is given by 

Jr = k~C.S-- kDCS (2) 

where C, CS and S are the concentrations of free carrier, of associated carrier and of 
permeant, respectively, at point x; and kR and kD are the rate constants for associa- 
tion and dissociation. The relation between diffusional and chemical flow is given by  
the equations of continuity: 

- -  . = - -  \ - ~ - - ]  t - -  J r  

- ~--~-x 1 , - J "  (3) 

where Jc, Jes  and J s  are the flows of the respective components at point x. Under 
steady-state conditions, all time derivatives vanish, and the partial differentials 
become total differentials. Hence 

dJc dJs dJcs 
Jr dx ~ - =  dx (4) 

Since the carrier is not permitted to leave or enter the membrane, the flow of carrier 
in the free and associated condition vanishes on the boundaries 

Combining the second and fourth terms of Eqn. 4, 

d(Jc + Jcs) 
o or Jc + Jcs = constant 

dx 

In view of Eqn. 5, however, the constant is zero 

J¢ + Jcs = o (6) 

This may be regarded as an expression for the local "circulation" of carrier in a 
homogeneous medium. A stationary state is maintained by compensatory flow and 
counterflow at every point of the membrane. 

The addition of the third and fourth terms of Eqn. 4 gives 

d(Js + Jcs) 
--- o or Js + Jcs = constant 

dx 

The constant is the total flow of transported species and is equal to J~ at the bound- 
aries (where Jcs  vanishes). 

Js  + Jcs  = j o  = ] a x  t s s = J~ (7) 

The flows J s  and Jcs  are not necessarily constant throughout the membrane, though 
their sum remains constant. 
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The dissipation function 
The local dissipation function, $, at point x is given by (ref. 8) 

--.Is ~--dTI + J c  ~ - ~ - .  i + Jcs~---d;-1 + j , x  (s) 

where the # 's  are the chemical potentials of the respective components at point x and 
the affinity, A, at point x is given by 

A -~ t*c + t*s --t*cs (9) 

with the aid of Eqn. 4 it is seen that 

JrA = - -  (/~c 
dJc dJcs dJcs\  
--fiT. + ~'~ ~ + t,c~ -d-;-) 

which upon inserhon into Eqn. 8 gives 

d 
¢ ~- --  ~x (Jsl*s + Jc#c +Jcst ,  cs)* (io) 

Integration of Eqn. 8 across the membrane and insertion of the boundary conditions 
(Eqn. 7) gives 

f~¢dx  , • = = JsA~s ( i  ~) 

where • is the total dissipation per unit area and At~ s = # ~ - - ~  is the chemmal 
potential difference of transported species between the two sides of the membrane. 

The analysis of the dissipation function shows that  although a number of 
dissipative processes of diffusion and chemical reaction are taking place locally 
(Eqn. 8), the total dissipation function is composed only of factors which are observed 
from the outside. The importance of considering the intramembrane circulation lies 
therefore not in the study of the dissipation function, but rather in the evaluation of 
the dependence of the flow J~ on the driving forceA/zs. Continuous carrier transport 
imposes a characteristic dependence of flow on force which is considered below. 

Flow profiles 
We assume that  the flow of the components obeys Fick's law locally and that 

coupling between flows may be neglected. 

dS dC dCS 
Js ~ - -Ds  ~x; Jc = - - D  d--x- a n d  Jcs - - - - D  d~-- (12) 

where Ds  and D are the diffusion constants of permeant and carrier, respectively. 
For the sake of simplicity we assume that  free and associated carrier have the same 
diffusion constant. Inserting the expressions for J a  and J c s  from Eqn. 12 into Eqn. 6 
and integrating, we obtain 

C + CS = Ct (13) 

where Ct is the total local carrier concentration, which remains constant irrespective 
of the variation of C and CS with x. 

* Eqn.  zo m a y  be der ived f rom the  general  cons idera t ion  of xsothermal  s t a t i o n a r y  sys tems 
(ref. 9, Chap te r  I I I ,  Eqns.  12 and  2o). 
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Since the exact treatment of Eqn. 12 leads to nonhomogeneous nonlinear 
differential equations, whose solution cannot be expressed in manageable analytical 
form, we shall consider in the following only the case of a system close to equilibrium. 
In this case the ratio of the concentration difference of permeant and its equilibrium 
concentration is very small (AS/S  ~ I);  the local concentration shows a slight devia- 
tion from equilibrium, i.e., 

~S = s - - ~ ,  ~c = c - - C ,  ~cs  = cs--c---~- (~4) 

where C and C---S are equilibrium concentrations of free and associated carrier, and 
is the equilibrium concentration of the permeant. The deviations are dependent on x. 
Substituting S, C, and CS from Eqn. 14 into Eqn. 2 

Jr  = kR(C -~ ~C) (S -[- ~S) --  kD(CS "~- ~CS) 
o r  

Jr = ki~CdS + ki~S~C--kDdCS (15) 

In Eqn. 15 the equilibrium condition kRC'S  = kDCS has been introduced, and the 
nonlinear term (kR6CdS) has been neglected. 

Substituting Eqn. 12 for the flows of the components into Eqn. 4, and with the 
assumption that  the diffusion constants are independent of x, 

d2S d~C d~CS 
J r =  D s - ~  = Ddx 2 D dx--- ~ (16)  

Differentiating Jr  in Eqn. 15 twice and substituting for the second differentials of the 
concentrations, according to Eqn. 16, we obtain 

d2J r = A-2Jr (I7) 
dx2 

where 

kRS A7 kD kRC 
A -~ + (I8) 

D Ds 

The parameterA has been introduced in a general way by I~RIEDLANDER AND KELLER 10. 
I t  has the dimensions of a distance and was termed by the authors the "relaxation 
distance". When there is a flow oi one of the reactants across a boundary of a reacting 
system, the deviation from chemical equilibrium is greatest at the boundary. The 
deviation decreases with distance from the interface and becomes negligible at points 
further away than the relaxation distance. The ratio of A to the thickness of the 
diffusion path (e.g., membrane, film or boundary layer thickness) expresses the effect 
of the chemical reaction on the diffusion flow and determines the type of kinetics 
to be applied. 

Eqn. 17 may be solved to give J r  as a Junction of the distance x from the surface. 
Inserting the boundary condition (Eqn. I, Eqn. 5, and Eqn. 7) the following expres- 
sion is obtained (Appendix: Eqn. 1-4). 

Jr=J°r[cosh( - -~) - -co tgh( -~A)s inhA]  ( 1 9 '  

where j0  is the rate of reaction at x = o. I t  will be noted that  at x =A x  

Ax ]'ax/Z 
j r  ~x = _ j o  a n d  a t  x = - - ,  = o 

2 ~r 
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So that for the quasiequilibrium case, assumed in this treatment, the reaction rates 
are symmetrical around the center of the membrane--where the reaction is at equilib- 
rium. The absolute value of Jr  is always less than that of J~r. Fig. 2 represents the ratio 
of Jr  t o j  ° as a function of x for two values of Ax/2A.  

An important question is which part of the substrate passes while bound to the 
carrier and which permeates in a free state. The flow of the carrier-substrate complex 
J c s  is given by Eqn. 1- 5, which in combination with Eqn. 1-9 of Appendix I gives 

t / ~ x  x , T \ Jcs = aJ s ~tgh ~ s inh  -~ - -  cosh  ~ + (20) 

where 

kRCA 2 
(X 

Ds 

or upon inserting the value ofA z from Eqn. 18 

I 

a = Ds (k~g + kD) (2z) 

D kp,,C 

From the equilibrium conditions k x C . S  = kDCS and Eqn. 13 (C + CS = Ct) 

= KsCt 
Ks +-~ (22) 

where Ks = kn[kR is the dissociation constant of the carrier-substrate complex. 
Inserting Eqn. 22 into Eqn. 21 and rearranging 

I 
a = (23) 

~ + ---b-~ 

1,0 

I 0  0.8 

0 2 ~  06 
0 8 '  0 4  

0 2  

".,~ oo 
0 005 o~ (o 

02 o ,  o8\ o  ooo, 
- 0  (X/&X) 0 003 

-0  0 002 

0001 

-I l I I I ~I 

i i i i i i i I I 

f I I I I I I I I 
(b) 

, , i i i i i i i 

O0 09 04 06 08 I0 

( x / & x )  

Fig. 2. The dependence of J r  on x for Ax/2A = io  (curve I) and Ax/zA = o.I (curve II) .  Jr o is the  
reaction velocity a t  the  surface x = o (of. Eqn.  20). 

Fxg. 3. The dependence of Jes  on x for Ax/2A = Io  (a) and Ax/2A = o.I (b). J J  is the total  flow 
of subs t ra te ,  for the  in terpreta t ion of *¢ = kg'CA2/Ds, cf. text .  
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For a medium in which the free substrate diffuses more slowly than the carrier 
(Ds/D < I), or a medium rich in carrier and with low dissociation constant (Ct > Ks), 

is close to unity and carrier transport is preferred. On the other hand, during rapid 
free diffusion and high substrate concentration as compared with the dissociation 

constant, i.e., S /Ks  >~ I, ~ goes to zero so that  the contribution of J e s  to the total 
flow vanishes. 

Fig. 3 represents Jcs/~Jg for a given value of a and at two values of Ax/2A. 
I t  will be observed that  for large Ax/2A, e.g. Ax/2A = io, carrier-mediated transport 
constitutes a large fraction of the total transport. I t  may be readily shown that  in this 
case Jg/Jcs  -~ o~ in the major part of the membrane, except in the neighbourhood of 
the surfaces where J c s  goes to zero. 

C t On the other hand for small Ax/2A, e.g. Ax/2A 0.I, J s/J~ is a small 
fraction of 0~ and even at x Ax/2A, e t = J s/J~ -~ o~/2(Ax/2A) ~, which is only 0.5 % 
of the maximal value for Jcs/Jg for large Ax/2A. 

The total flow 
Since the total permeant flow across the membrane is given by  J~ = Jz + 

J c z  (Eqn. 7), we obtain upon inserting J s  and J e s  from Eqn. 12 and integrating 
over x, from o toAx: 

AS ACS 
J~ = Ds ~ + D ----zJx (24) 

where AS = S°- -S  A* and ACS = CS°--CS 'a*. 
The total flow of S is therefore represented additively by a term giving the free 

diffusion of transported species and a term for facilitated diffusion. If the concentra- 
tions of the solutions on both sides of the membrane are known, the concentration of S 
on the membrane boundaries may be calculated, provided the distribution coefficient 
(Ku) between solution and membrane medium is also known. The evaluation of ACS, 
however, requires a closer analysis. 

By Eqn. 12 ACS is related t o J c s  through the expression 

I ~Ax 
A C S  = BJo J c ~ d .  

Upon inse~ dng the value of J c s  and integrating (cf. Appendix I) a relation between 
ACS and J r  ° is obtained 

ACS = 2A2zJ ° D (25) 

where 
Ax zlx 

Z ---- ~-~ cotgh ~-~ --  I (26) 

Another relation between ACS and Jr may be obtained as follows: as shown above at 
Ax/2, Jr = o, so that  C, CS and S assume equilibrium values at this point, or: 

-~ S "*~1~, C = C a~l~ and C--S = CS azl~ (27) 
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Again making use of Eqn. 12 we may write 

= C ~o i taxi 9 
CSa*/* ~ --  D J0 Jcsdx 

A,, CS ,~ , l  2 lj.~, k = sdx CS Z) a~/ 

(28) 

An inspection of Eqn. 20 shows that  J c s  is symmetrical around its maximal 
value at Ax/2. Hence the integral of J c s  from 0 to Ax/2 is equal to its integral from 
dx/2 to Ax. Upon subtracting the expressions in Eqn. 28 and rearranging we obtain 
therefore 

CS axl~ = CS° + CS ax 
2 

or with Eqn. 27 

Ax 
- -  C S  o + CS 
CS--  

2 

In a similar way it may be shown that  

(29) 

hence 

Ax AX 

_ C °+C a n d S =  S ° + S  (30) 
2 2 

AS ACS 
S ° = ~ + ~ ;  C ° = ~ + A C  a n d C S  ° = C - S + - -  (3I) 

2 2 2 

The reaction rate on the surface x = o is 

j °  r = kRCOS o -  kDCS o 

which upon insertion of Eqn. 31 and cancelling the equilibrium term KsCS = C.S,  
gives 

Jr__20  __ kR [GAS-- (Ks + S)ACS] (32) 

ACS 
Inserting Jr  ° from Eqn. 32 into Eqn. 25, we obtain the required expression for 

Cas 
A c s  = (33) 

(Ks + if) + (D/hRZA ~) 

The value C is given by Eqn. 22, while A 2 is defined by Eqn. 18. Inserting both 
expressions we finally obtain 

KsCtA S 
a c s  = (34) 

( DKsCt ) 
(I + I / z ) (K s + S )  K s + S +  D s ( K s + ~ ) ( I  +Z)" 
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Eqn. 34 may now be used to evaluate the total flow according to Eqn. 24 

AS  D K s C t  A S  
J*s = Ds--~-;x -+ D K s C t  Ax  (35) 

In the case whereAx/2A >~ I, Z ~ (Ax/2A--I )  >~ i, Eqn. 35 reduces to 

AS D K s C t  A S  
(J s) axl2A ~, 1 = D s - -  + - -  (36) 

Ax (Ks + ~)2 Ax 

Eqn. 36 is the expression for facilitated transport with local chemical equilibrium. 
This statement corresponds to the conclusion of FRIEDLANDER AND KELLEI~ 1° that  
local equilibrium may be assumed if the thickness of the total diffusion path (Ax) is 
appreciably larger than the relaxation distance (A). On the other hand if Ax[2A ~ I, 
x -> 1/3 (Ax/2A) ~ I and I/Z >> i so that  the term for facilitated transport goes to 

D K s C t  AS  

D K s C t  1 Ax  
[(Ks + + D (Ks + 

which for very small values of Z vanishes in comparison with the terms for non- 
facilitated transport D s AS/A x. 

Comparison with discontinuous carrier transport 
The only carrier kinetics treated extensively in the literature is that  of a dis- 

continuous model, in which permeant is assumed to interact with the carrier solely 
at the membrane surfacesZ. I t  is generally postulated that  the transport process is 
diffusion-controlled so that  surface equilibrium may be assumed. 

If chemical surface equilibrium is not assumed, facilitated transport is given 
by Eqn. 37 

P K s C t  
Js  = AS (37) 2P 

(Ks + S1) (Ks + $2) + - -  Ks(Ks + S) 
kDAx 

where S 1 and S~ are the permeant concentrations on both sides of the membrane and 
the permeability coefficient P is related to the diffusion coefficient D by 

D 
P = - -  (38) 

Ax 

For the case of surface equilibrium Eqn. 37 reduces to the conventional expression 

P K s C t  
J~ = (KS + S1) (Ks + 82) AS (39) 

If S1 ~ $2 ~ S Eqns. 37 and 39 may be written as 

J s  (Ks + 5) 2 I + kDAx(Ks + g)l = J s  I + AX(hRN + kD) (40) 

According to Einstein, the relaxation time @ate) of a diffusional process is related to 
the path Ax by  the well-known equation 2D~atu = (Ax) ~. But since 
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2 P  2D  2 P  i 
(41 ) 

zJx (Ax) 2 ' Ax ~anr 

To estimate the relaxation time of the chemical reaction, we consider Eqn. 15 
for ~S ----- o, i.e., for the case in which the S of the outer compartments  is kept "buf- 
fered". In this case, ~ = --d~CS and the rate of chemical reaction is given by  a 
perturbation of ~CS (ref. i i ) ,  i.e., 

d6CS 
dt  = - -  (kR~ + kD)~CS (42) 

or d~CS/dt = --I/*ehem~CS, where 

I /~ehem = kRS  -~- kD (43) 

Inserting Eqn. 41 and Eqn. 43 into Eqn. 40 we find that  

J s  = J ~  ( I  + ~eiaem) -1  (44) 
"~dlff / 

When the chemical relaxation time is much shorter than the diffusional t ime J s  =- J~ 
as expected. 

If we assume that  the carrier is a macromolecule to which the permeant is 
bound, Tehem is the adsorption-desorption relaxation time and Z'diff is the relaxation 
time for its conformational transition. KIRSCHNER et a/. 12 have measured relaxation 
times for the binding of nicotinamide--adenine dinucleotide to yeast I)-glyceraldehyde 
3-phosphate and the conformational transition of the enzyme. These authors find for 
this system that  Tehem ~--- 1.4" lO--*--1.4" IO -3 sec and "~'dlff = 5 see. 

In this case the s tatement  J s  = J~  and the generally applied assumption of 
local equilibrium at the surface are justified. 

A n  allosteric model for carrier transport 
The expanding and contracting carrier assumed above may  be considered an 

solution I Imemuranel solution 2 

\ C( .--~'-P C 2 / 

r C  I ~ 

solution I kRSI lkD 

membrone 

T 

k" 

kll 

membrone 

$2 solution 2 

Fig. 4. Discre te  carr ier  model .  T he  p e r m e a n t  undergoes  an  assoc ia t ion-d i ssoc ia t ion  reac t ion  of t h e  
m e m b r a n e  sur faces  wi th  t h e  carrier  (C) to fo rm t he  c a r r i e r - s u b s t r a t e  complex  (CS). The  l a t t e r  
does  no t  leave t he  m e m b r a n e  phase .  The  p e r m e a t i o n  c o n s t a n t s  (P) for  t h e  free a n d  assoc ia ted  
carr ier  are  equal .  The  assoczat ion (kR) and  dissomatzon (kD) ra te  c o n s t a n t s  a re  equal  on bo th  szdes. 
T h e  concen t r a t ions  of t r a n s p o r t e d  spemes  in  so lu t ions  I a n d  2 are  S 1 and  S v 

Fig. 5- Allosteric carrier  model .  T he  p ro te in  m a y  a s s u m e  t h e  two conf igura t ions  R a n d  T wi th in  
t h e  m e m b r a n e  phase ;  t h e  r a t e s  of  con fo rma t iona l  change  are  ko a n d  k'o for t h e  unassoc ia t ed  and  k 1 
a n d  k" 1 for t h e  assoc ia ted  protein.  T he  t r a n s p o r t e d  spemes  on ly  brads  to  t h e  p ro te in  m t h e  R fo rm 
on side I of t h e  m e m b r a n e  (associat ion and  d issoc ia t ion  r a t e  c o n s t a n t s  kR a n d  hD) and  to t he  p ro te in  
T form on  s ide 2 (associat ion and  dissocia t ion ra te  c o n s t a n t s  k 'R and  k'D). The  t r an spo r t ed  species  
i s  p re sen t  in  so lu t ions  i a n d  2 a t  concen t r a t ions  S I and  S v 
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allosteric protein. 18 The aUosteric model will be used in its simplest form: (i) each 
subunit has one binding site for the transported species; it acts independently and 
there are no cooperative transitions; (ii) the effect of regulatory sites for inhibitors 
or activators will not be considered. The only assumptions of the model for allosteric 
interactions considered in the conclusions concerning the flow pattern are: (a) the 
conformational transition of the protein; (b) the existence of a different binding 
affinity of the permeant on each side of the membrane for the two conformations of 
the carrier. 

The two forms of the protein, R and T (Fig. 5), have different dis,.ociation 
constants for the transported species: Ks = kD/kR and K's  = k'D/k'R, respectively. 
The equilibrium constants for conformational transitions of R ~ T in free and as- 
sociated protein are, respectively, Lo = ko/k'o and L z = kl/k '  1. The constants are 
related to each other by the principle of microscopic reversibility 

Lz = (Ks/K's)Lo (45) 

KIRSCHNER et al. 12 determined the kinetics of allosteric transitions, while HILL 
aND KEDEM 14 have treated the steady-state kinetics of a similar membrane-flow 
system. The expression for total flow is (cf. Appendix II) : 

kok'IKsCtAS 
] s  = (46) 

($1 + KS) (k ' lS2 -~- k'oK's) q- ($2 -F K's) (kzSz -~- k0Ks) 

In Fig. 6, J s  versus AS  is represented for the conventional case (Ks = K's, L 1 = Lo = z) 
as well as for the allosteric case. The striking feature in even the simplest assumption 
of an allosteric model is the asymmetry of flow as a function of concentration differ- 
ence, for example, if $2 = o or $1 = o, ]s /k ' lCt  assumes the values 0.083 and --0.048, 
respectively. 

This model may be extended to include the possibility that  an assembly of 
carrier proteins ("subunits") undergoes cooperative transitions. Changes in asym- 
metric permeabilities, for example those that  occur in nerves, may be brought about 
by cooperative transitions of the total membrane lattice. 
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Fig. 6. Dependence  of flow of t r a n s p o r t  species (Js)  on concent ra t ion  difference (/IS) be tween  
the  two sides of t he  membrane ,  for convent ional  carr ier  t r anspo r t  (Curve I, lef t  scale) and  for t h e  
allosteric model  (Curve II ,  r igh t  scale). In  bo th  cases a cons t an t  average concent ra t ion  is t aken  of 
S = r mole/l.  Curve I is t aken  f rom Eqn.  37 for Ks  = I mole]l. I n  Curve I I  (Eqn.  46), Ks  = i 
mole/l,  K ' s  = o. i  mole/l, Lo = I and  I-1 = xo and  ko = k'o = k' 1. 
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APPENDIX I 

The general solution of Eqn. 17 is 

Jr = al&* + aae-ziA 

where a, and a, are integration constants. At x = o 

JF = al + a2 

From J~“J,.dx = o (cf. Eqn. I) we obtain 

(I-1) 

P-2) 

a2 - al = J”, cotgh (dx/24 

Insertion of Eqn. I-3 and Eqn. I-2 into Eqn. I-I gives 

(I-3) 

Jr = J”, [cash (x/A) - cotgh (dx/2n) sinh (x/n)] 

FromJcs = cJ,.d~ (cf. Eqn. 4) we obtain 

Jcs = Jr{ smh (x/n) - cotgh @lx/24 (cash (x/A) - I) } 

In order to express JCS in terms of total flow we differentiate Eqn. 15 : 

(I-4) 

(I-5) 

(I-6) 

At x = o: (dC/d& = -(r/D) JE = 0, (dCS/dx), = -(I/D) J& = o and (d.S/dx), = 
-(r/D,s) Ji (cj. Eqns. 5,7 and 12). So that 

aJr ( ) - 
ax o 

= +J; 

From Eqn. (I-4)) however, at x = o we obtain 

= - n cotgh (h/24 

(I-7) 

P-8) 

Combining (I-7) and (I-8) 

kR - 
.I; = - CA(tgh(dx/ul)) J; 

DS 
(I-9) 

Insertion of Eqn . I-g into Eqn. I-5 gives Eqn. 2 I. 

From CSz = CS0 -(~/D)~Jc~clx (cf. Eqn. 12) we obtain, by integrating Eqn. I-g 

csz = CSO--2 
A2J” 

D [cash (x/A) - I + cotgh (Ax/A) ((x/A) - smh (x/A))] 

Inserting x = dx into Eqn. I-IO gives 

J; = (D/2/P) [(Ax/24 cotgh (&/2(i) - I]-1dCS 

(I-IO) 

(I-II) 

APPENDIX II 

The assumption of local equilibrium of the surface reaction yields: 

R..Sl = K&Y 

T-S2 = K’sTS 
(II-I) 
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where R ,  T ,  R S  and T S  are the concentrations of the protein in the four states. The 
"circulation equation" (Eqn. 6) and "total carrier equation" (Eqn. 13) hold for this 
model: 

k o R -  k'oT + k l R S -  k'ITS = o (11-2) 
R + RS  + T + TS = Ct (11-3) 

Substituting for R and T according to Eqn. II-I 

Ks ) ,(h'oK'Ss, ) RS ~\ko ~ I  + kl - - T S  + k'l = o  

RS(I  + -~8/51) At- TS(I + K's/S~) = Ct (II-4) 

so lv ing  E q n .  11-4 for  RS  a n d  TS 

(k'oK's/S~ + k'l)Ct 
R S  = (11-5) 

(koKs/S1 + hi) ( I  + K's/S2) + (h'oK's/S~ + k ' l ) ( I  + Ks~S1) 

(koKs/S1 + kl)Ct 
TS : (11-6) 

(koKs/S1 + kl)(I  + K's/S~) + (k'oK's/S~ + k ' l ) ( i  + Ks/Si) 

The rate of transport is given by 

J s  = k ~ R S - -  k ' I T S  (11-7) 

Introducing Eqn. 11-5 and Eqn. 11-6 into Eqn. 11-7 gives 

klk'oK's/S2 -- k'lkoKs/S1 
J s  = (11-8) 

(hoKs/S1 + hi) (I + K's/So,) + (k'oK's/S~ + k'l) (I + Ks~S1) 

The microscopic reversibility condition (Eqn. 45) requires 

Ks/K's = L1L0 = klh'o/k'lko or klk'oK's = k'lkoKs (11-9) 

Introducing Eqn. 11-9 into Eqn. 11-8 and multiplying numerator and denominator 
by S 1 S ,  " gives Eqn. 46. 
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